Abstract. An indefinite Riemannian manifold is called neutral it its index is equal to one half of its dimension and an indefinite Kaehler manifold is called neutral Kaehler if its complex index is equal to the half of its complex dimension. In the first part of this article, we extend the notion of slant surfaces in Lorentzian Kaehler surfaces to slant submanifolds in neutral Kaehler manifolds; moreover, we characterize slant submanifolds with parallel canonical structures. By applying the results obtained in the first part we completely classify slant surfaces with parallel mean curvature vector and minimal slant surfaces in the Lorentzian complex plane in the second part of this article.
where∇ is the Levi-Civita connection ofg. It follows that J is integrable.
The complex index ofM m i is defined as the complex dimension of the largest complex negative definite subspace of the tangent space. When m = 2n and the complex index is n, the indefinite Kaehler manifoldM 2n n is called a neutral Kaehler manifold. A neutral Kaehler surface is nothing but a Lorentzian Kaehler surface.
The simplest examples of neutral Kaehler manifolds are the neutral complex space forms defined as follows: Let C 2n denote the complex 2n-plane with complex coordinates z 1 , . . ., z 2n . Then the C 2n endowed with g n,2n , i.e., the real part of the Hermitian form b n,2n (z, w) = − → CH 2n n : z → z · C * is a submersion and there exists a unique neutral metric on CH 2n n such that π is a Riemannian submersion. The pseudo-Riemannian manifold CH 2n n is a Lorentzian complex space form of constant holomorphic sectional curvature −4.
We denote by , the inner product induced from the neutral metrics on neutral manifolds. A tangent vector v of a neutral manifold M 2n n is called space-like (respectively, time-like) if v, v > 0 (respectively, v, v < 0). A vector v is called null or light-like if it is a nonzero vector and it satisfies v, v = 0.
A distribution D on a neutral manifold M 2n n is called space-like (respectively, time-like) if each nonzero vector v ∈ D is space-like (respectively, time-like).
The notion of slant submanifolds in Kaehler manifolds (or more generally, in almost Hermitian manifolds) was introduced and studied in 1990 by the third author in [6, 7] . Since then such submanifolds have been investigated extensively by many geometers and many interesting results were obtained (see [7] and [8, Chapter 18] for more details). Moreover, contact and Sasakian versions of slant submanifolds have been studied in [2, 3, 4, 14, 18] among others.
In this article, we define the notion of slant submanifolds in neutral Kaehler manifolds as a natural extension of the notion of slant surfaces in Lorentzian Kaehler surfaces studied in [9, 11, 13] . Some fundamental and classification results for slant submanifolds in neutral Kaehler manifolds are obtained. In particular, we characterize slant submanifolds with parallel canonical structures in section 4 and section 5. In section 6, slant surfaces with parallel mean curvature vector are completely classified. In the last section, we classify slant minimal surfaces in the Lorentzian complex plane.
BASIC FORMULAS AND FUNDAMENTAL EQUATIONS
LetM be an indefinite Kaehler manifold. Denote byR the Riemann-Christoffel curvature tensor ofM . Assume that M is a pseudo-Riemannian submanifold ofM .
Denote by ∇ and∇ the Levi Civita connections on M andM , respectively. The formulas of Gauss and Weingarten are given by (cf. [5, 7, 19] )
for tangent vector fields X, Y and a normal vector field ξ, where h, A and D are the second fundamental form, the shape operator and the normal connection. For each ξ ∈ T ⊥ p M , the shape operator A ξ is a symmetric endomorphism of the tangent space
The shape operator and the second fundamental form are related by
for X, Y tangent to M and ξ normal to M .
For a vectorX ∈ T pM , p ∈ M , we denote byX andX ⊥ the tangential and the normal components ofX, respectively. The equations of Gauss, Codazzi and Ricci are given respectively by
for vector fields X, Y and Z tangent to M , ξ normal to M , where ∇h and R D are defined respectively by
The R D is known as the curvature tensor of the normal bundle.
The mean curvature vector H is defined by
The mean curvature vector is said to be parallel in the normal bundle if DH = 0 holds identically.
A submanifold M in an indefinite Kaehler manifold is called minimal if its mean curvature vector vanishes identically; and M is called quasi-minimal if its mean curvature vector is nonzero and light-like at each point on M .
BASICS OF SLANT SUBMANIFOLDS
An isometric immersion Ψ: M →M of a manifold M into a neutral Kaehler manifoldM is called purely real if the almost complex structure J onM carries the tangent bundle of M into a transversal bundle, that is J(T M) ∩ T M = {0}. Obviously, every purely real immersion contains no complex points.
Let Ψ: M →M be a purely real immersion. For each tangent vector X, we put
where P X and F X are the tangential and the normal components of JX. Clearly, P is an endomorphism of the tangent bundle T M of M and F is a normal-bundlevalued 1-form on T M.
Similarly, for each normal vector ξ of M , we put
where tξ and fξ are the tangential and the normal components of Jξ. Then f is an endomorphism of the normal bundle and t is a tangent-bundle-valued 1-form on the normal bundle.
For vectors X, Y tangent to M , it follows from (1.1) and (3.1) that
Thus, we have Then, it follows from (3.3) and (3.5) that P e 1 = γe 1 * for some nonzero real-valued function γ. So, we find from (3.1) and (3.5) that F e 1 , F e 1 = 1 + γ 2 > 1. Hence, F e 1 is a space-like normal vector field. Therefore, there exists a nonzero real number α such that
for some unit space-like normal vector field ξ 1 .
It follows from (3.3) and (3.6) that
for some unit time-like normal vector field ξ 1 * . By applying (1.1), (3.6) and (3.7), we get
Also, from (3.6) and (3.7) we find P 2 = (sinh 2 α)I. The immersion Ψ :
is called θ-slant if the function α is constant θ (see [13] 
Hence, if we put
then e 1 * , . . ., e n * form an orthonormal frame of the time-like distribution D n t . Also, it follows from (3.11) and P 2 = (sinh 2 θ)I that
Next, let us put F e i = cosh θξ i , i = 1, . . ., n. Then we have
From Je i , Je j = δ ij and (3.13) we know that ξ 1 , . . ., ξ n are orthonormal spacelike normal vector fields of M 2n n . Similarly, if we put F e i * = cosh θξ i * , i = 1, . . ., n. Then we obtain
where ξ 1 * , . . ., ξ n * are orthonormal time-like normal vectors. Moreover, it is easy to verify that ξ 1 , . . ., ξ n , ξ 1 * , . . ., ξ n * form an orthonormal frame of the normal bundle of the slant immersion Ψ : M 2n n →M 2n n . From (1.1), (3.13) and (3.14) we also have (3.15) 
then we have (3.17)
Obviously, adapted pseudo-orthonormal slant frames can also be defined for slant immersions from neutral manifolds M 2n n into neutral Kaehler manifoldsM 2n n in a similar way.
SLANT SUBMANIFOLDS
n →M 2n n be a θ-slant immersion of a neutral manifold into a neutral Kaehler manifold. Let us choose an adapted slant frame e 1 , . . ., e n , e 1 * , . . ., e n * ,
n , where ∇ is the Levi-Civita connections of M 2n n . From e i , e j * = 0 and (4.1) we obtain
As usual, we define ∇P by
n . The endomorphism P is called parallel if ∇P = 0 holds identically. It follows from (4.1) and (4.2) that
which imply the following. 
Since ∇ X e 1 * and P e 1 * are parallel to e 1 , (4.4) implies that α is constant. Therefore, the surface is slant.
The next result characterizes slant submanifolds with ∇P = 0 in term of the shape operator. 
n be a purely real immersion. Then it follows from (3.1), (3.3) and∇J = 0 that (4.6)
n . Thus, the tangential components of (4.6) yields
which implies the Proposition.
SLANT SUBMANIFOLDS WITH ∇F = 0
Let Ψ : M 2n n →M 2n n be a θ-slant immersion of a neutral manifold into a neutral Kaehler manifold. For the normal-bundle-valued 1-form F , we define as usual that 
The next result characterizes slant submanifolds with ∇F = 0 in term of connection forms. 
for X, Y tangent to M 2n n ; or equivalently, with respect to an adapted slant frame, we have
n be a θ-slant immersion. We find from (3.13), (4.1) and (5.3) that
An immediate consequence of Proposition 5.1 is the following. 
for vectors X, Y tangent to M 2n n , or equivalently,
Proof. This is obtained by comparing the normal components of (4.6). Proof. Under the hypothesis, it follows from (3.11), (3.12) and (5.7) that h(e i * , e i * ) = csch θf h(e i , e i * ) = h(e i , e i ), which implies the Corollary.
The following result characterizes minimal slant surfaces in a neutral Kaehler surface among purely real surfaces in term of ∇F . for some functions β, γ. Thus, after applying (3.11), (3.12), (3.15), and (5.14) we obtain (5.7). Consequently, the slant surface satisfies ∇F = 0.
Corollary 5.3. If
Ψ : M 2 1 →M 2 1
is a minimal slant surface in a neutral Kaehler surface, then we have
Proof. Follows from Theorem 5.1 and (5.1).
Remark 5.1. Let Ψ : M 2n n →M 2n n be a slant immersion of a neutral manifold into a neutral Kaehler manifold and let t be the tangent-bundle-valued 1-form on the normal bundle defined by (3.2). Define ∇t by (∇ X t)ξ = ∇ X (tξ) − tD X ξ for any normal vector field ξ and tangent vector X. Then, we may prove that ∇t = 0 holds if and only if ∇F = 0 holds.
Remark 5.2. Let Ψ : M 2n
n →M 2n n be a slant immersion of a neutral manifold into a neutral Kaehler manifold and let f be the endomorphism of the normal bundle defined by (3.2). Define ∇f by
for any tangent vector X and normal vector field ξ. Then ∇f = 0 holds identically if and only if we have Φ
. ., n, with respect to an adapted slant frame of Ψ.
CLASSIFICATION OF SLANT SURFACES
The light cone LC in C 
where k is a positive real number;
where b is a positive real number;
(e) A Lagrangian surface defined by . Then H, H is constant. Thus, if Ψ is non-minimal, then either Ψ is quasi-minimal or H, H is a nonzero constant. When Ψ is quasi-minimal, it follows from the main result of [12] that M 2 1 is a flat surface given by cases (a), (b), (h) or (i) of the theorem. So, in the remaining part of the proof of this theorem, we assume that H, H is a nonzero constant.
On the slant surface M 2 1 we may choose an adapted pseudo-orthonormal slant frame {e 1 , e 1 * , ξ 1 , ξ 1 * } such that e 1 , e 1 = e 1 * , e 1 * = 0, e 1 , e 1 * = −1, (6.1)
It follows from (5.3) and (6.2) that
From Corollary 4.1 we have ∇P = 0. Hence, after applying Proposition 4.2, we see that the second fundamental form satisfies
for some functions β, γ, λ, µ.
From (2.9), (6.1) and (6.5), we know that the mean curvature vector is given by
Since H, H is a nonzero constant, (6.2) and (6.6) implies that β and µ are nowhere zero. Moreover, since DH = 0, it follows from (6.4) and (6.6) that
Hence, we have µ = bβ −1 for some nonzero real number b. From (4.1) and (6.1) we have
Now, by applying Lemma 3.2 of [9] , we also have
On the other hand, it follows from (6.4), (6.5), (6.7), (6.8) and the equation of Codazzi that ω = Φ, e 1 * γ = 3γω(e 1 * ), e 1 λ = −3λω(e 1 ). (6.10) By combining (6.9) and the first equation in (6.10) we get θ = 0. Hence, Ψ is a Lagrangian immersion. Therefore, (6.3) reduces to
From (6.7) and ω = Φ, we have dβ = βω. By applying this and (6.8) we derive that [β −1 e 1 , βe 1 * ] = 0. Thus, there exist coordinates {x, y} such that
So, by (6.1) and (6.12) we know that the metric tensor g is g = −(dx ⊗ dy + dy ⊗ dx), (6.13) which implies that the surface is flat and the Levi-Civita connection satisfies (6.14)
From (6.12) and (6.14) we get
By applying (6.7), (6.10) and (6.15) we obtain
for some functions p(x), q(y).
From (6.5), (6.11) and (6.12) we obtain
where b is a nonzero real number. Since the surface is flat, (6.17) and the equation of Gauss yield p(x)q(y) = b. Thus, we must have p(x) = c and q(y) = b/c for some nonzero real number c. Consequently, we obtain from (6.14), (6.17) and the formula of Gauss that (6.18)
The first two equations in (6.18) imply 
where b, c are nonzero real numbers, and u(x), v(y) are functions with 
Je 1 = sinh θe 1 + cosh θξ 1 , Je 1 * = sinh θe 1 * + cosh θξ 1 * , (7.3)
Since M 2 1 is minimal slant, it follows from Proposition 5.1 and Theorem 5.1 that Φ = ω. Also, it follows from (2.9), (7.1), Corollary 4.1 and Proposition 4.2 that h(e 1 , e 1 ) = fξ 1 * , h(e 1 , e 1 * ) = 0, h(e 1 * , e 1 * ) = kξ 1 (7.5) for some real-valued functions f, k. From (7.4), (7.5), Φ = ω and the equation of Codazzi we obtain e 1 * f = 3fω(e 1 * ), e 1 k = −3kω(e 1 ).
We divide the proof into several cases:
Case (a). f = k = 0. In this case, the slant surface is totally geodesic. Hence, the surface is an open portion of a slant plane. This gives case (i) of the theorem.
Case (b). f = 0 and k = 0. In this case, (7.5) and the equation of Gauss show that the slant surface is flat.
If we choose a local coordinate system {x, y} in M 2 1 such that ∂/∂x, ∂/∂y are parallel to e 1 , e 1 * , respectively, then the metric tensor of M 2 1 takes the form:
for some nonzero real-valued function ψ = ψ(x, y). We may put
The Levi-Civita connection satisfies
In view of (7.3) and (7.8) we have
Thus, by applying (7.3), (7.8), (7.9) and (7.10), we know that the slant immersion satisfies (7.11)
The compatibility conditions of this system are given by
The first condition in (7.12) implies ψ 2 = p(x)q(y) for some functions p(x) and q(y). Thus, after replacing x and y by some anti-derivatives of p(x) and q(y), respectively, we get g = −(dx ⊗ dy + dy ⊗ dx). (7.13) Hence, the second condition in (7.12) becomes k x = 0 which implies that k = k(y). Therefore, system (7.11) becomes (7.14)
After solving this system and choosing suitable initial conditions, we obtain case (ii) of the theorem.
Case (c). k = 0 and f = 0. After interchanging x and y this reduces to case (b).
Case (d)
. f, k = 0. We find from (7.4) and (7.6) The Levi-Civita connection of (7.17) satisfies Consequently, by (7.3), (7.16 ) and (7.18), we obtain (7.19) The compatibility conditions of system (7.19) are given by 
A(y).
After solving this second order differential equation we get . From (7.24), (7.26) and (7.28) we obtain 
